The non-extensive statistical description of the identified final state particles measured in high energy collisions is well-known by its wide range of applicability. However, there are many open questions that need to be answered, including but not limited to, the question of the observed mass scaling of massive hadrons or the size and multiplicity dependence of the model parameters. This latter is especially relevant, since currently the amount of available experimental data with high multiplicity at small systems is very limited. This contribution has two main goals: On the one hand we provide a status report of the ongoing tuning of the soon-to-be-released HIJING++ Monte Carlo event generator. On the other hand, the role of multiplicity dependence of the parameters in the non-extensive hadronization model is investigated with HIJING++ calculations. We present cross-check comparisons of HIJING++ with existing experimental data to verify its validity in our range of interest as well as calculations at high-multiplicity regions where we have insufficient experimental data.
Introduction
The transverse momentum (p T ) distribution of identified hadrons stemming from high-energy proton-proton, proton-nucleus, and nucleus-nucleus collisions is one of the most fundamental observables in high-energy physics. In recent years, the Tsallis-Pareto-like distributions, motivated from non-extensive statistical physics, have received close attention because their applicability in this field [1] [2] [3] [4] [5] [6] [7] . With the appearance of high precision experimental data spanning from low-to high-p T , neither the thermal models with a bare Boltzmann-Gibbs exponential distribution nor perturbative Quantum Chromodynamics (pQCD)-motivated power-law distributions are able to describe the whole spectrum. On the other hand, the Tsallis-Pareto distributions combine these two regions perfectly (see, e.g., [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] and references therein). During the investigation of the parameters, we showed that they possess non-trivial relations such as mass-and energy scaling [1, 8] . There are also implications that for larger systems a soft-hard extension is needed [10, 16] . These studies indicate that increasing the size of the colliding system (roughly speaking, the volume of the quark-gluon plasma) may also reflect in the parameters. Our goal is therefore to systematically explore the parameter space as the function of the event multiplicity.
The HIJING++ framework is a soon-to-be-published general purpose Monte Carlo event generator, currently in the final phase of development [17] [18] [19] [20] [21] [22] . It will serve as the successor of the FORTRAN HIJING, completely rewritten in modern C++. With the flexibility gained by using modular C++ structures, HIJING++ also utilizes several external packages [23] [24] [25] [26] [27] [28] [29] . Currently the internal parameters of HIJING++ are being tuned to main experimental observables using Professor [30, 31] . This provides an excellent opportunity to test the capabilities of HIJING++ and calculate high-multiplicity events.
In the next section, we briefly summarize the progress of tuning in HIJING++ and present the current status. In Section 3, a theoretical description of the transverse momentum spectra is given, and the HIJING++ calculations are given in Section 4.
Tuning of HIJING++ Parameters
A typical general purpose Monte Carlo event generator, e.g., the HIJING++ framework, developed to be able to simulate high-energy heavy-ion collisions, has parameters that are not determined by theory and need to be tuned to reproduce measured experimental data with the highest possible precision. One of the main features of the HIJING++ framework is that very few input parameters are needed to fully define a run, such as the species of the projectile and target beam and center-of-mass energy. Given this information, all of the other intrinsic parameters are calculated automatically.
Since HIJING++ is based on the convolution of sequential collisions of nucleon-nucleon pairs in each nucleus-nucleus interaction, it is highly important to have a solid proton-proton collisions baseline. In this section, we present the up-to-date result of the tuning process using the following √ s = 7 TeV proton-proton experimental data:
• p T spectra of identified π ± , K ± , and p(p) hadrons with I NEL > 0 normalization (at least one charged particle in the |η| < 1.0 region is required) up to p T = 20 GeV/c [32] ; • charged hadron multiplicity distribution in the range of dN ch /dη = 0 − 70, where N ch is the number of charged particles [33, 34] ;
pseudorapidity distribution at mid-pseudorapidity |η| < 1.0 [33] .
The tuning process is performed iteratively utilizing the Professor tool [30, 31] . In Table 1 , we list the main tunable parameters. the cross section that characterizes the geometrical size of a nucleon µ 0 the parameter in the scaled eikonal function of nucleon used to calculate total cross-section K K-factor for the differential jet cross sections in the lowest order pQCD calculation max p T cut p T cut for classifying the connected-independent type strings at fragmentation m inv−cut invariant mass cut-off for the dipole radiation of a string system below which soft gluon radiations are terminated m min−inv−ex.str.
minimum value for the invariant mass of the excited string system in a hadron-hadron interaction S p T 1 the parameter that regularizes the singularity at p T = 0 in the distribution of the soft p T kick S p T 2 the parameter that gives the scale beyond which the p T kick distribution will be similar to 1/p 4 T F the scale in the form factor to suppress the p T transfer to diquarks in hard scatterings The detailed process of tuning and the parameters values will be described in the technical release paper of HIJING++. Here we present only the tuning status regarding the experimental data listed above.
In Figure 1 , the multiplicity and the pseudorapidity distribution of charged hadrons are presented, while in Figure 2 the p T spectrum of identified π ± , K ± , and p(p) hadrons calculated and measured at √ s = 7 TeV proton-proton collisions can be seen. The results above show that HIJING++ reproduces the event multiplicity excellently. In Figure 1 , the agreement between the HIJING++ results and the experimental data is ∼15% for the multiplicity and ∼1% for the pseudorapidity distribution. The charged pion and kaon spectra also show a good agreement above p T = 2 GeV/c, but the production is slightly overestimated at lower p T values. The best agreement for the π ± results is ∼1% between 2 and 15 GeV/c. For kaons, the yield is slightly underestimated above 2 GeV/c, where the agreement is ∼15-20%. On the other hand, the proton yield is overestimated in the large p T region, the agreement is ∼20-30%.
The Non-Extensive Hadronization Model
It is a well-known and an intensively studied phenomenon that the transverse momentum spectra of hadrons stemming from high-energy particle collisions can be described by Tsallis-Pareto type distributions [1] [2] [3] 6, [8] [9] [10] [11] [12] [13] . Although this observation itself has further consequences, the theory has even more subtle details because of the observed non-trivial dependence on the center-of-mass energy and hadron mass. In the following sections, we show that the parameters also depend on the event multiplicity, i.e., on the size of the system. We adopted the usual blast-wave assumptions regarding the system, namely that the fireball is azimuthally symmetric and is expanding with a v radial flow velocity (in units of c = 1). Moreover, the freeze-out occurs instantly on a hypersurface according to the Cooper -Frye formulation at a given freeze-out temperature [2, 14] . With these assumptions, we used the following simple form of the invariant yield:
where A is the amplitude incorporating the irrelevant spin degeneracy and constant factors as well as the invariant volume, m T = p 2 T + m 2 is the transverse mass, E = γ(m T − vp T ) − m is the one-particle energy in the co-moving coordinate system, γ = 1/ √ 1 − v 2 is the Lorentz factor, T is a parameter with a temperature unit, and finally n = 1 q−1 is the non-extensivity parameter, characterizing the temperature fluctuations. We note that T is not necessarily the freeze-out temperature and therefore is not necessarily the same for all hadron species [3, 15] . The notation I NEL > 0 means that only those events where there is at least one charged particle in the |η| < 1.0 region are considered. This choice is in agreement with the experimental definitions described in the previous section.
As a reference, in Table 2 and in Figure 3 , we show the parameters and curves fitted on the experimental "minimum bias" (in the sense that there is no event multiplicity classification) data. These results are consistent with our previous observations [8] : the heaviest proton has the largest temperature and the smallest q. We note that, in the lower part of Figure 3 , a periodic oscillation is visible. This is an effect in addition to the scaling. This has been investigated, for example, in [35, 36] . 
The Multiplicity Dependence of the Non-Extensive Model
In Section 2, we showed that the HIJING++ framework is able to reproduce the main experimental observables such as event multiplicity distribution and the p T spectra of various identified hadrons. In Section 3, we briefly summarized the main features of the blast-wave motivated non-extensive hadronization model. In this section, we take advantage of the power of HIJING++ and extract the Tsallis parameters from a wide range of event multiplicity classes. The event classes of the HIJING++ run are classified as
The multiplicity ranges of each class used in this study are listed in Table 3 . Using this event classification, we calculated the mid-rapidity transverse momentum spectra of charge averaged pions, kaons, and protons in I NEL > 0 events. We generated 200M events. To avoid superfluous overcrowding of the available space, we show only the low, moderate, and high multiplicity spectra along with the fitted Tsallis-Pareto curves defined by Equation (1) In Figure 4 , we can see that the best fits occurred at the high multiplicity events. For the pions, the fitted curves follow the points well at the low-p T region, while for the kaons and protons with higher mass at the low-p T region the model overpredicts the yield. We note, however, that for the HIJING++ run we investigated the same 0.1 GeV/c< p T < 20 GeV/c region for all hadrons, while the low-p T part for the kaons and protons in the case of the experimental results is missing. At the high-p T region, the fit breaks down because of the low statistics.
In Figure 5 , the fitted parameters in the function of the event multiplicity are shown. Using the distribution form Equation (1), we observe that with increasing multiplicity the q parameter increases for each hadron but with different slopes: the increase of q (or the decrease of n) is the largest for the heaviest hadron. On the other hand, the temperature decreases slowly with the increasing pseudorapidity density. Here, the previously observed T π ± < T K ± < T p(p) mass hierarchy stays valid with the multiplicity averaged values, as can be seen in Table 4 . Table 4 . The multiplicity averaged temperature parameters for charge averaged pions, kaons, and protons.
The radial flow velocity also increases with the multiplicity, but also with different rates. While at low multiplicity the lightest pions have the smallest v, it increases rapidly with the increasing multiplicity. On the other hand, the rate of increase in the case of protons and kaons are approximately the same. These observations require further investigation. Finally, the amplitudes are increasing for each hadron species with the multiplicity. The value of pions is much higher than those of the heavier hadrons, which indicates that with increasing multiplicity the number of the produced pions grows faster than the number of kaons and protons. Table 3 .
Conclusions
In this contribution, we investigated the multiplicity dependence of the parameters of the non-extensive hadronization model in proton-proton collisions using HIJING++ calculations. We presented the current status of the tuning process of HIJING++ and showed that it is able to reproduce the main high-energy physics observables such as multiplicity and p T distributions. We presented the non-extensive hadronization model that we used to describe the transverse momentum distribution of identified hadrons. In accordance with our previous results, we showed that a mass hierarchy emerges in the Tsallis parameters. Utilizing the tuned HIJING++ calculations, we also extracted the parameters from √ s = 7 TeV proton-proton collisions Monte Carlo calculations with various event multiplicity classifications. Our study showed that the q non-extensivity parameter increases with increasing multiplicity, while the T temperature has only a slight decrease. On the other hand, all hadrons result in a non-zero, increasing radial flow velocity. All parameters show the earlier observed mass hierarchy. Our findings suggest that these parameters are sensitive to the event size and may serve as a thermometer of the collision. 
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